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UNIVERSAL TARGETS FOR HOMOMORPHISMS
OF EDGE-COLORED GRAPHS
GRZEGORZ GUS´PIEL AND GRZEGORZ GUTOWSKI
Abstract. A k-edge-colored graph is a finite, simple graph with edges
labeled by numbers 1, . . . , k. A function from the vertex set of one k-edge-
colored graph to another is a homomorphism if the endpoints of any edge
are mapped to two different vertices connected by an edge of the same color.
Given a class F of graphs, a k-edge-colored graph H (not necessarily with
the underlying graph in F) is k-universal for F when any k-edge-colored
graph with the underlying graph in F admits a homomorphism to H. We
characterize graph classes that admit k-universal graphs. For such classes,
we establish asymptotically almost tight bounds on the size of the smallest
universal graph.
For a nonempty graph G, the density of G is the maximum ratio of
the number of edges to the number of vertices ranging over all nonempty
subgraphs of G. For a nonempty class F of graphs, D(F) denotes the
density of F , that is the supremum of densities of graphs in F .
The main results are the following. The class F admits k-universal graphs
for k > 2 if and only if there is an absolute constant that bounds the acyclic
chromatic number of any graph in F . For any such class, there exists a
constant c, such that for any k > 2, the size of the smallest k-universal
graph is between kD(F) and ck⌈D(F)⌉.
A connection between the acyclic coloring and the existence of univer-
sal graphs was first observed by Alon and Marshall (Journal of Algebraic
Combinatorics, 8(1):5–13, 1998). One of their results is that for the class of
planar graphs, the size of the smallest k-universal graph is between k3 + 3
and 5k4. Our results yield that there exists a constant c such that for all k,
this size is bounded from above by ck3.
1. Introduction
All graphs considered in this paper are finite and contain no loops or multiple
edges. For simplicity, by a class of graphs we mean a nonempty set of graphs.
The set of natural numbers {0, 1, . . .} is denoted by N. For every k ∈ N,
the set {1, . . . , k} is denoted by [k]. For two real-valued functions f and g
whose domains are cofinite subsets of N, we write f(k) = O(g(k)) if there exist
constants n0 and c such that |f(k)| 6 c|g(k)| for all k > n0; f(k) = Ω(g(k))
if g(k) = O(f(k)); and f(k) = Θ(g(k)) if both f(k) = O(g(k)) and f(k) =
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Ω(g(k)) hold. We write f(k) = o(g(k)) if for every ε > 0 there exists a constant
n0 such that |f(k)| 6 ε|g(k)| for all k > n0.
A k-edge-colored graph G is a pair (G, c), where G is a graph, called an un-
derlying graph of G, and c is a mapping from E(G) to [k], called a k-edge-
coloring of G. A k-edge-colored graph over G is a k-edge-colored graph with
the underlying graph G.
Let G1 = (G1, c1) and G2 = (G2, c2) be two k-edge-colored graphs. A map-
ping h : V (G1) → V (G2) is a homomorphism of G1 to G2 if, for every two
vertices u and v that are adjacent in G1, h(u) and h(v) are adjacent in G2 and
c1({u, v}) = c2({h(u), h(v)}). In other words, a homomorphism of G1 to G2
maps every colored edge in G1 into an edge of the same color in G2.
A k-edge-colored graph H is k-universal for a class F of graphs if every
k-edge-colored graph over any graph in F admits a homomorphism to H. We
denote by λF(k) the minimum possible number of vertices in a k-universal
graph for F . We set λF(k) = ∞ if such a graph does not exist. The main
result of this paper is a characterization of graph classes that admit k-universal
graphs. For any such class F of graphs, the asymptotic behavior of λF(k) is
determined.
Observe that λF(1) is the maximum chromatic number of all graphs in F .
Although this parameter is of great importance in graph theory, this paper is
focused on the behavior of λF (k) when k tends to infinity. In particular, the
case k = 1 differs significantly from the case k > 2. Only the latter one is the
subject of this paper.
The crucial notion that helps to determine if a given graph class admits
k-universal graphs is the acyclic coloring. An acyclic coloring of a graph is an
assignment of colors to the vertices of the graph such that:
(i) every two adjacent vertices get different colors,
(ii) vertices of any cycle in the graph get at least 3 different colors.
In other words, an acyclic coloring is a proper coloring such that, for any two
colors, the graph induced by vertices of these two colors is a forest. The acyclic
chromatic number of a graph G, denoted χa(G), is the minimum number of
colors in an acyclic coloring of G. We give the following characterization of
graph classes that admit k-universal graphs.
Theorem 1. Let k > 2. A class F of graphs admits a k-universal graph if and
only if there is an absolute constant r such that χa(G) 6 r for every G in F .
In particular, this theorem gives that a graph class either admits a k-universal
graph for all k > 2 or for no k > 2.
A strong connection between the acyclic coloring and the existence of uni-
versal graphs was first noted by Alon and Marshall [2]. They proved that
if the acyclic chromatic number of any graph in F is at most r, then F
admits a k-universal graph on at most rkr−1 vertices. This shows that the
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bounded acyclic number is a sufficient condition for a class F of graphs to
admit k-universal graphs. We show that this condition is also necessary.
Alon and Marshall [2] used their result to construct a small k-universal graph
for the class of planar graphs P. Their technique, combined with the famous
result of Borodin [4] that every planar graph has acyclic chromatic number
at most 5, gives λP(k) = O(k4). Alon and Marshall gave a lower bound
λP(k) = Ω(k3) and asked for the exact asymptotics of λP(k).
Theorem 5 and Theorem 7 allow to determine the asymptotics of λF(k) for
any class F of graphs of bounded acyclic chromatic number. In particular,
for planar graphs we obtain that λP(k) = Θ(k3). In general, we show that
the asymptotic behavior of λF(k) for a class F of graphs of bounded acyclic
chromatic number depends on the density of F . The density of a graph G,
denoted D(G), is defined as
D(G) = max
{ |E(G′)|
|V (G′)| : G
′ is a nonempty subgraph of G
}
,
and the density of a class F of graphs, denoted D(F), is given by
D(F) = sup {D(G) : G ∈ F} .
Hakimi [5] was the first to observe that graphs of low density admit ori-
entations of low in-degree. An orientation of a graph G is an assignment of
direction to each edge of G, which turns G into an oriented graph ~G. If an edge
{a, b} of G is oriented from a to b, then (a, b) is an edge in ~G, a is the tail, and
b is the head of (a, b). In-degree of a vertex b is the number of different edges
in ~G with head b. An orientation ~G of G is a d-orientation if every vertex of
~G has in-degree at most d.
By pigeonhole principle, a graph G does not admit a (⌈D(G)⌉ − 1)-orien-
tation. On the other hand, Hakimi [5] proved that any graph G admits a
⌈D(G)⌉-orientation.
Theorem 2 (Hakimi [5]). Let F be a class of graphs. Every graph in F admits
a d-orientation if and only if the density of F satisfies D(F) 6 d.
The next lemma shows a connection between the acyclic chromatic number
and orientations of low in-degree.
Lemma 3. If a graph G admits an acyclic coloring with r colors, then G admits
an (r − 1)-orientation.
Proof. Suppose that there is an acyclic coloring of G with colors in the set [r].
We show that G admits an (r − 1)-orientation. Fix i, j ∈ [r], i < j. Since the
graph induced by the vertices colored i or j is a forest, there is an orientation
of this forest such that every vertex is a head of at most one edge. If we repeat
this argument for all pairs of colors, we obtain an (r− 1)-orientation of G. 
Using Theorem 2 and Lemma 3 we immediately obtain the following lemma.
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Lemma 4. Let F be a class of graphs for which there is an absolute constant r
such that χa(G) 6 r for every G in F . The density D(F) is bounded and
D(F) 6 r − 1.
Observe that there are graph classes of bounded density and unbounded
acyclic chromatic number. For an example, let K⋆n be a graph obtained from
the clique Kn by subdividing every edge exactly once. One may easily verify
that the graph class {K⋆n : n ∈ N} has density 2 and unbounded acyclic
chromatic number.
The main result of this paper is the following theorem.
Theorem 5. Let F be a class of graphs for which there are absolute constants
r and d such that every graph in F admits both an acyclic coloring with r colors
and a d-orientation. For any k > 2, the following holds:
λF(k) 6 8dr4
(
8dr4
d
)
kd.
In particular, λF(k) = O
(
k⌈D(F)⌉
)
.
Observe that for any class F of graphs of acyclic chromatic number at most
r, Lemma 4 guarantees that D(F) 6 r − 1. Thus, the bound λF(k) =
O
(
k⌈D(F)⌉
)
given by Theorem 5 is asymptotically no worse than the bound
λF(k) = O(kr−1) obtained by Alon and Marshall [2]. In Section 2 we present
some natural graph classes for which our bound is significantly better.
The following results show that the upper bound of Theorem 5 is asymptot-
ically almost tight.
Lemma 6. Let G be a graph, let k > 2, and let H be a k-edge-colored graph
such that any k-edge-colored graph over G admits a homomorphism to H. The
k-edge-colored graph H has at least kD(G) vertices.
Proof. Let G′ be a nonempty subgraph of G and cG′ be some k-edge-coloring
of G′. By the assumption of the theorem, the k-edge-colored graph G′ =
(G′, cG′) admits a homomorphism to H. Since different colorings need different
homomorphisms, we have that the number of k-edge-colorings of G′ is at most
the number of different functions from V (G′) to V (H),
k|E(G
′)|
6 |V (H)||V (G′)|.
It follows that k
|E(G′)|
|V (G′)| 6 |V (H)| holds for any nonempty subgraph G′ of G and
kD(G) 6 |V (H)|.

Lemma 6 yields the following lower bound for λF(k).
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Theorem 7. For any class F of graphs, the following holds:
λF(k) > kD(F).
Proof. Fix k > 2. Suppose H is a k-universal graph for F . For every ǫ > 0
there is a graph G in F such that D(G) > D(F)− ǫ. Using Lemma 6 we get
|V (H)| > kD(G) > kD(F)−ǫ.
Since the inequality above holds for every ǫ > 0, the claim of the theorem
follows. 
To sum up, for a class F of graphs of bounded acyclic chromatic number we
have
λF(k) = Ω
(
kD(F)
)
and λF(k) = O
(
k⌈D(F)⌉
)
,
which is tight for graph classes of integral density. For other graph classes, we
suspect that the lower bound describes the correct asymptotics of λ. The mul-
tiplicative constant hidden by the asymptotic notation depends on the bound
on the acyclic chromatic number and is quite big. For small values of k, the
upper bound by Alon and Marshall is substantially better.
2. Applications.
In this section we give two examples of application of our results. We estab-
lish the asymptotics of λ for the class P of planar graphs and for the class Gg
of graphs embeddable on an oriented surface of genus g.
2.1. Planar graphs. Borodin [4] showed that the acyclic chromatic number
of any planar graph is at most 5. The density D(P) of planar graphs is 3.
Consequently, Theorem 5 and Theorem 7 yield the following.
Corollary 8.
λP(k) = Θ
(
k3
)
.
This answers the question asked by Alon and Marshall [2].
2.2. Graphs of bounded genus. Let Gg denote the class of all graphs embed-
dable on an oriented surface of genus g. Alon, Mohar, and Sanders [3] showed
that the acyclic chromatic number of any graph in Gg is at most O
(
g
4
7
)
. They
also provide a construction of a graph in Gg of acyclic chromatic number at
least Ω
(
g
4
7/(log g)
1
7
)
. We show that the density D(Gg) is of a smaller order:
√
3g − 1
2
6 D(Gg) 6
√
3g + 3.
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For the lower bound, let t =
⌈√
12g
⌉
, and let Kt be a clique on t vertices.
Thanks to Ringel and Youngs [8] and other authors, we know that Kt is em-
beddable on an oriented surface of genus
⌈
(t−3)(t−4)
12
⌉
. Thus, Kt is in Gg. The
density of Kt equals
D(Kt) =
|E(Kt)|
|V (Kt)| =
t · (t− 1)
2 · t =
⌈√
12g
⌉− 1
2
>
√
3g − 1
2
,
which proves the lower bound.
For the upper bound, let G be a graph in Gg and G′ be a nonempty subgraph
of G with the highest ratio |E(G
′)|
|V (G′)| . If |V (G′)| 6 t, then D(G) 6
√
3g as the
density of a graph on t vertices does not exceed the density of Kt. Let n > t,
m, and f denote respectively the number of vertices, edges, and faces in some
embedding of G′ on an oriented surface of genus g. By Euler’s formula, we
have n−m+f = 2−2g. Multiplying this equality by 3 and plugging 3f 6 2m
we get that m 6 3n− 6 + 6g. Since n > t and t = ⌈√12g⌉ we obtain
m
n
6 3− 6
n
+
6g
n
6
√
3g + 3,
which proves the upper bound.
Consequently, Theorem 5 and Theorem 7 yield the following.
Corollary 9.
k
√
3g− 1
2 6 λGg(k) = O
(
k⌈
√
3g+3⌉).
3. Main results
The proofs of Theorem 1 and Theorem 5 use the notion of star coloring. A
star coloring of a graph is an assignment of colors to the vertices of the graph
such that:
(i) every two adjacent vertices get different colors,
(ii) every subsequent four vertices on any path in the graph get at least 3
different colors.
In other words, a star coloring is a proper coloring such that, for any two
colors, every connected component in the graph induced by vertices of these
two colors has at most one vertex of degree higher than one. The star chromatic
number of a graph G, denoted χs(G), is the minimum number of colors in a
star coloring of G. In particular, any star coloring of G is an acyclic coloring
of G. On the other hand, Albertson et al. [1] showed that any acyclic coloring
with r colors can be used to construct a star coloring with at most 2r2 − r
colors.
We need to introduce yet another version of coloring that we use in our
proofs. Let ~G be an orientation of a graph G. We use the following notions:
if (u, v) is an edge of ~G, then u is a parent of v; if (u, v) and (v, w) are edges
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of ~G, then u is a grandparent of w. An out-coloring of an oriented graph is an
assignment of colors to the vertices of the graph such that:
(C1) every two adjacent vertices get different colors,
(C2) every two distinct parents of a single vertex get different colors,
(C3) any vertex and any of its grandparents get different colors.
Clearly, any out-coloring of ~G is a star coloring of G and hence an acyclic
coloring of G.
The same coloring was studied before in the context of star colorings by
Nesˇetrˇil and Ossona de Mendez [6], and as in-coloring by Albertson et al. [1].
An in-coloring of ~G is a proper coloring in which for every 2-colored path of
3 vertices in ~G, the edges are directed towards the middle vertex of the path.
It is easy to see that a coloring of vertices of ~G is an out-coloring of ~G if and
only if it is an in-coloring of the transpose of ~G.
The following result allows a construction of an out-coloring with a small
number of colors for a graph with low star chromatic number and an orientation
of low in-degree. The proof of the lemma is similar to the proof of Theorem 2.1
in the article by Nesˇetrˇil and Ossona de Mendez [6].
Lemma 10. If ~G is a d-orientation of G, then ~G admits an out-coloring with
2d · χs(G)2 colors.
Proof. Let cs be a star coloring of G with χs(G) colors. First, we define an
auxiliary directed graph H on the vertex set of G. The edges of H will encode
conditions (C2) and (C3) for an out-coloring of ~G and are defined according
to the following two rules:
(R1) For every triple (b, x, a) of vertices of G, when a and b are different
parents of x in ~G and cs(a) = cs(b), we add an edge (b, a) to H .
(R2) For every triple (b, x, a) of vertices of G, when b is a parent of x in ~G,
and x is a parent of a in ~G, and cs(a) = cs(b), we add an edge (b, a) to
H .
Observe that a single edge of H may be added multiple times and that both
edges (a, b) and (b, a) may be present in H for some vertices a and b.
To give an upper bound for the in-degree of a vertex a in H , let Ta be the
set of all triples (y, x, a) that add an edge in H according to rules (R1) or (R2).
Observe that for any color α there is at most one x with cs(x) = α such that
a triple (y, x, a) is in Ta. Suppose to the contrary that there are two triples
(y1, x1, a) and (y2, x2, a) in Ta with cs(x1) = cs(x2) and x1 6= x2. Rules (R1)
and (R2) ensure that cs(a) = cs(y1) and, as a consequence, the path y1, x1, a, x2
in G gets only two colors in cs, a contradiction. Furthermore, for any x there
are at most d different triples (y, x, a) in Ta, as y needs to be a parent of x.
For α = cs(a) there is no triple (y, x, a) in Ta with cs(x) = α, as x and a are
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neighbors in G. Thus, the size of Ta, and effectively the in-degree of a, is at
most d(χs(G)− 1).
A simple counting argument shows that any induced subgraph of H contains
a vertex of degree at most 2d(χs(G)−1) < 2dχs(G). This allows a construction
of a proper coloring of H with 2dχs(G) colors using the following strategy: pick
a vertex v of the smallest degree in H ; recursively color the subgraph H r v;
color v with any color not assigned to the neighbors of v. There are fewer than
2dχs(G) neighbors, so there is such a color. Let cH be the constructed coloring.
We define the coloring c of ~G to be c(v) = (cs(v), cH(v)). Clearly, c uses at
most 2d ·χs(G)2 colors. We claim that c is an out-coloring of ~G. The condition
(C1) is satisfied as cs is a proper coloring of G. The construction of H and cH
ensure that conditions (C2) and (C3) are also satisfied. 
We present an auxiliary lemma that plays a crucial role in the proof of
Theorem 5.
Lemma 11. Let F be a class of graphs for which there are absolute constants
q and d such that every graph in F admits a d-orientation that has an out-
coloring with q colors. For any k > 2, the following holds:
λF(k) 6 q
(
q
d
)
kd.
Proof. We explicitly construct a k-universal graph H = (H, cH) for the class
F . The vertex set of H is the set of all (q + 1)-tuples of the form
(i, x1, x2, . . . , xq),
where i ∈ [q], and xj ∈ [k] for all j ∈ [q], and where among x1, x2, . . . , xq there
are at most d values different from k. H is a complete graph, i.e., there is an
edge between any two vertices. The k-edge-coloring of H is given by:
cH( {(i, x1, x2, . . . , xq), (j, y1, y2, . . . , yq)} ) = min(yi, xj).
This completes the definition of H. Note that the vertex set of H has size
smaller than q
(
q
d
)
kd.
LetG = (G, cG) be a k-edge-colored graph such thatG admits a d-orientation
~G that has an out-coloring f with q colors. We define a homomorphism h of
G to H given by:
h(u) = (f(u), x1, x2, . . . , xq),
where for each i ∈ [q]
xi =
{
cG({u, p}) if u has a parent p in ~G with f(p) = i,
k otherwise.
Thanks to condition (C2) for out-colorings, u has at most one parent colored
i. ~G is a d-orientation and u has at most d parents. Thus, h(u) is properly
defined for any vertex u, and h maps G to H.
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To prove that h is a homomorphism, consider two adjacent vertices u, v in
G. Without loss of generality we may assume that v is a parent of u in ~G. We
have
h(u) = (f(u), x1, x2, . . . , xr),
h(v) = (f(v), y1, y2, . . . , yr).
Clearly, by condition (C1), we have that h(u) 6= h(v). What remains is to
prove that the color of the edge {u, v} in G is the same as the color of the
edge {h(u), h(v)} in H. As cH({h(u), h(v)}) = min(xf(v), yf(u)) and xf(v) =
cG({u, v}), it remains to show that yf(u) = k. Observe that yf(u) 6= k implies
that v has a parent w in ~G and w is colored f(u). But then, w is a grandparent
of u and f(w) = f(u), which contradicts condition (C3) for out-colorings. 
Proof of Theorem 5. Let F be a class of graphs such that each graph in F
admits both an acyclic coloring with r colors and a d-orientation. Using the
result of Albertson et al. [1] we get that every graph in F admits a star coloring
with 2r2 colors. Using Lemma 10 we get that every graph in F admits a d-
orientation that has an out-coloring with 8dr4 colors. Then, using Lemma 11
we get that F admits a k-universal graph on
8dr4
(
8dr4
d
)
kd
vertices, which completes the proof. 
Before we prove Theorem 1, we show the following technical lemma.
Lemma 12. Let F be a class of graphs such that F admits a k-universal graph
on p vertices for some k > 2. The following holds:
(S1) Every graph in F admits a ⌈logk p⌉-orientation.
(S2) For any d > 1, any d-orientation ~G of any graph G ∈ F , ~G admits an
out-coloring with (2d+ 1)p⌈logk d⌉ colors.
Proof. Statement (S1) follows directly from Lemma 6 and Theorem 2.
For the proof of (S2), let ~G be a d-orientation of some graph G in F . We
explicitly construct an out-coloring of ~G with (2d+ 1)p⌈logk d⌉ colors. The first
step is a construction of a coloring c of ~G that satisfies conditions (C1) and
(C2) for out-colorings. Coloring c uses at most p⌈logk d⌉ colors.
Let m = ⌈logk d⌉. Any x ∈ N smaller than km can be expressed in base k po-
sitional notation as follows: x =
∑m
i=1 ai(x)k
i−1 where ai(x) ∈ {0, 1, . . . , k − 1}
for each i ∈ [m]. Let {f1, f2, . . . , fm} be a family of integer functions (fi : [d]→
[k]) such that fi(x) = ai(x − 1) + 1. Observe that for any a, b ∈ [d], a 6= b,
there is an i ∈ [m] such that fi(a) 6= fi(b).
Each vertex v has at most d parents in ~G. Assign to every parent of v
a different number in the set [d]. Let pi(v) denote the parent of v with number i.
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For every i ∈ [m], consider a k-edge-coloring ci of G given by
ci({v, pj(v)}) = fi(j).
Using the fact that H is k-universal for F , for every i ∈ [m] let hi be a homo-
morphism of (G, ci) to H. We define coloring c : V (G)→ V (H)m as follows:
c(v) = (h1(v), h2(v), . . . , hm(v)).
To see that c satisfies (C1) note that any homomorphism maps adjacent
vertices in G to different vertices in H.
To prove that c satisfies (C2) consider two different parents pa(v), pb(v) of a
vertex v. Let i ∈ [m] be such that fi(a) 6= fi(b). By the definition of ci we get
that ci({v, pa(v)}) 6= ci({v, pb(v)}). It follows that hi maps pa(v) and pb(v) to
different vertices of H and coloring c satisfies (C2).
Suppose that (u, v) and (v, w) are two edges in ~G and that u = pa(v) and
v = pb(w). If a 6= b then coloring c assigns different colors to vertices u and w by
the same argument as in the previous paragraph. We need to refine coloring c
so that condition (C3) is satisfied for pairs u, w such that u is a grandparent
of w and u = pa(pa(w)) for some a ∈ [d]. Only such pairs can violate condition
(C3).
Observe that any vertex v has at most d such grandparents. We can con-
struct, similarly as in the proof of Lemma 10, an auxiliary directed graph of
conflicts. In-degree of any vertex in that graph is at most d and the graph can
be properly colored with 2d+ 1 colors.
Finally, an out-coloring of ~G can be obtained as a product of coloring c and a
coloring of the auxiliary graph. The resulting coloring uses at most (2d+1)pm
colors. 
Proof of Theorem 1. Let F be a class of graphs. If the acyclic chromatic num-
ber of any graph in F is at most r, then F has a k-universal graph on rkr−1
vertices as was shown by Alon and Marshall [2].
For the proof of the other direction, suppose that F admits a k-universal
graph on p vertices. Let d = max(1, ⌈logk p⌉). Using Lemma 12 we get that
any graph G in F admits a d-orientation that has an out-coloring with (2d +
1)p⌈logk d⌉ colors. Such a coloring is an acyclic coloring of G. It follows that any
graph in F has the acyclic chromatic number bounded by a function of p and
k. 
We conjecture that the ceiling in our upper bound can be dropped and
λF(k) = Θ
(
kD(F)
)
. We also believe that the multiplicative constant in The-
orem 5 can be improved. Another question is whether our approach can be
applied to mixed graphs, similarly to the results of Nesˇetrˇil and Raspaud [7].
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